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Abstract. We consider the construction of the basic bundle gerbe on SU{n) 
introduced by Meinrenken and show that it extends to a range of groups with 
unitary actions on a Hilbert space including U{n), T" and Up{H), the Banach 
Lie group of unitaries differing from the identity by an element of a Schatten 
ideal. In all these cases we give an explicit connection and curving on the basic 
bundle gerbe and calculate the real Dixmier-Douady class. Extensive use is 
made of the holomorphic functional calculus for operators on a Hilbert space. 



Gerbes were introduced by Giraud [16] to study non-abelian cohomology. Brylin- 
ski popularised them in his book [4] , in particular the case of interest here, which is 
gerbes with band the sheaf of smooth [/(I) valued functions. To every such gerbe 
is associated a characteristic class in H^{M,Z), the Dixmier-Douady class of the 
gerbe. Equivalence classes of gerbes on M are, through this characteristic class, in 
bijective correspondence with H^{M,Z). Therefore it is natural to look for gerbes 
on manifolds with non-zero degree three integer cohomology and one important 
example of such a manifold is a compact, simple and simply connected Lie group. 
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Recall that if G is a compact, simple and simply connected Lie group then 
iJ^(G, Z) = Z and there is a canonical closed three- form v on G — the basic three- 
form (see for instance [23]). is a de Rham representative for the image in real 
cohomology of the generator of i?^(G, Z). The three- form u is given by 

where 6l is the left Maurer-Cartan 1-form on G and ( , ) is the basic inner product 
on Q [23]. In the case where G = SU{n) the basic three- form is 

(1.1) -^^tr{g-'dgf. 

Although the unitary group U(n) is not simply connected, we still have the isomor- 
phism iJ''([/(n), Z) = Z. The three-form (1.1) on SU{n) is clearly the restriction of 
a closed 3-form defined on U(n). This three-form is the image in real cohomology 
of the generator of H^{U{n),Z) — we will refer to it as the basic three-form on 
Uin). 

The basic three-form u was exploited to good effect in Witten's paper [28] on 
WZW models. Witten considered a non-lineax sigma-model in which the fields of 
the theory were smooth maps g: E ^ G from a compact Riemann surface E to a 
compact, simple and simply c;oiiiicc:tcd Lie group G. In constructing a conformally 
invariant action for this sigma-model Witten was lead to consider the Wess-Zumino 
term 



K5) = / r^- 



Swz\ 

Ib 

Here B is a 3-manifold with boundary E and ^: B ^ G is an extension of g to 

B. The question arises as to whether the Wess-Zumino term is well defined. It 
turns out that under these topological assumptions on G, one can always find such 
an extension of g, and, due to the integrality property of the basic three-form v, 
cyiY>{2'KiSw z{g)) is well defined. It is natural to wonder if it is possible to remove the 
topological assumptions on G and make sense of this action when G is a non-simply 
connected group. The theory of gerbes provides a valuable way of thinking about 
this problem (sec for example [25]). One can interpret the action cxp(27riS'i4/z(.9)) 
as the holonomy over E of a canonically defined gerbe on G — the basic gerbe. 
This basic gerbe on G can be constructed even when the group G is not simply 
connected. Since the holonomy of a gerbe on a manifold can be defined irrespective 
of whether the manifold is simply connected or not, we see that by defining the 
action to be the holonomy of the basic gerbe over E, we can remove this topological 
assumption on the group G. 

There have been a number of constructions of gerbes and bundle gerbes on a 
Lie group G in the literature since Brylinksi's book [4] appeared and we review 
them briefiy to put the results of this paper into perspective. Indeed the first such 
construction appeared in [4] (and later in [5]); it involved the path-fibration of G 
and thus was inherently infinite-dimensional. It was pointed out in [4] that it would 
be interesting to have a finite dimensional construction. 

The notion of bundle gerbe was introduced by the first author in [19]. The re- 
lationship of bundle gerbes with gerbes is analogous to that between line bundles 
thought of as fibrations and line bundles thought of as locally free sheaves of mod- 
ules. Bundles gerbes correspond to fibrations of groupoids whereas gerbes involve 
sheaves of groupoids. In [19] the tautological bundle gerbe was introduced. This 
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was a bundle gerbe associated to any integral, closed three-form on a 2-connected 
manifold M. This implicitly includes the case of compact, simple, simply-connected 
Lie groups which was discussed more explicitly in [11]. Again these constructions 
are infinite-dimensional and related to the path fibration. There is a simple way 
of defining this bundle gerbe using the so-called lifting bundle gerbe described in 
[19]. The path-fibration over G is a principal bundle with structure group OG, the 
group of based loops in G, and there is a well known central extension flG of flG 
by the circle (see [23]) which one can use to form a bundle gerbe. This bundle gerbe 
measures the obstruction to lifting the path-fibration to a bundle with structure 
group QG. 

The next construction, due to Brylinski [6] (see also [7]), involves the Weyl map 

G/T xT ^ G 
{gT,t) ^ gtg-'^ 

A gerbe was defined on G/T x T using a 'cup product' construction involving line 
bundles on G/T and functions on T. It was shown, using some delicate sheaf 
arguments, that this gerbe pushes forward via the Weyl map to a gerbe on G. 
Brylinski notes that this construction gives an equivariant gerbe for the conjugation 
action of G on G. This construction of Brylinski seems to be the most general 
construction to date, however the geometry of this gerbe has not been explored in 
full detail. 

Following this construction of Brylinski's was a construction of Gawedzki and 
Reis [14] for the case when G = SU{n). The case of quotients of SU(n) by finite 
subgroups of the centre was also treated. The methods used in this construction 
involved ideas from representation theory. Gawedzki and Reis also defined a connec- 
tion and curving on their bundle gerbe. This work was followed shortly afterwards 
by a paper of Mcinrcnkcn [18]. This gave a definitive treatment of the case where 
G was an arbitrary compact, simple and simply connected Lie group. This con- 
struction was also representation theoretic in nature and involved the structure of 
the sets of regular and singular elements of G. Mcinrenkcn's paper also gave an ex- 
tensive discussion of equivariant bundle gerbes; the basic bundle gerbe constructed 
in the paper was shown to be equivariant and equipped with an equivariant con- 
nection and curving. A simpler construction of a local bundle gerbe in the sense of 
Chatterjee-Hitchin was also given for the case of G = SU{n) — we shall comment 
more on this below. 

Equivariant gerbes were also studied in the paper [3] of Bchrcnd, Xu and Zhang; 
the authors constructed a bundle gerbe using the path-fibration and equipped it 
with an equivariant connection and curving. This construction was followed shortly 
by a paper of Gawedski and Reis [15] giving a generalisation of Meinrenken's con- 
struction to the case of non-simply connected groups. 

Finally we come to the case of interest in this paper which is the construction of 
a local bundle gerbe over SU{n). As mentioned abov(^ this example first appeared 
in the paper [18] of Meinrenken and was later discussed also by Mickelsson [21]. In 
this construction a local bundle gerbe was defined over the open cover of SU (n) by 
open sets Uz consisting of unitary matrices for which z is not an eigenvalue. 

We will show how to remove the dependence on the local cover in Meinrenken's 
and Mickelsson's construction and to generalise it to any group G which is one 
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of the following: the unitary group U (n) (more generally the group U (H) of uni- 
tary operators on some finite dimensional Hilbert space H), the (diagonal) torus 
T = T" c U{n), or one of the Banach Lie groups Up{H) for H an infinite dimen- 
sional separable complex Hilbert space. These are defined in more detail below in 
Section 3. A common feature of all these groups is that they have natural unitary 
representations on finite or infinite dimensional Hilbert spaces and so, for conve- 
nience, we refer to them as unitary groups. If G = U{n) or G — Up{H) then 
H^{G,Z) = 1 and the image in real cohomology of the generator of if^(G,Z) is 
represented by the basic three-form (1.1) (note the trace in (1.1) makes sense for 
g e Up{H) if 1 < p < 2). Our main result is an explicit construction of a natural 
connection and cnirving on this bundle gerbe which simultaneously covers all of 
the above examples of unitary groups. Of particular interest is the fundamental 
role played by the holomorphic functional calculus for operators which allows us 
to obtain explicit, albeit slightly complicated, formulae for the curving (note that 
the functional calculus was also used in [21] to construct trivialisations of a certain 
gerbe) . We show explicitly that the three-curvature of this connection and curving 
is 2Tri times the basic three-form on G and hence that the basic three-form repre- 
sents the real Dixmier-Doudy class of the basic bundle gerbe. The construction of 
the basic bundle gerbe that we give is manifestly equivariant but we do not attempt 
to construct an equivariant connection and curving. 

We should also comment on the relation of the basic gerbe to the 'index gerbe' 
considered in a number of papers, beginning with [10] and further studied in [8, 17]. 
Carey and Wang in [12] gave a simpler treatment, which clarified the relationship of 
this index gerbe to the families index theorem. In [21] (see also [9]) it is explained 
how the basic gerbe on G can be regarded as a special case of the index gerbe: one 
regards points in G as specifying holonomies of connections on the trivial G-bundle 
over S^; these connections can then be coupled to the Dirac operator —i-^ on S^, 
giving a family of self adjoint operators parametrised by G. In the above cited 
works on the index gerbe it is evident that having explicit formulae for connections 
and curving is of some importance. 

Finally, in summary, the first two sections give necessary background on bundle 
gerbes and holomorphic functional calcnilus. The so-called basic bundle gerbe is in- 
troduced in the next section and this is followed by a construction of a connection 
and curving on it. The Weyl map is used to prove that the basic three-form repre- 
sents the real Dixmier-Douady class of the basic bundle gerbe. In the final section 
we comment briefly upon the equivariant case. A number of complicated proofs 
using the holomorphic functional calculus have been relegated to the appendices. 

2. Background material 

2.1. Bundle gerbes. We review briefly the deflnition of bundle gerbes [19]. It 

will be convenient to use hermitian line bundles in the definition instead of f/(l) 
principal bundles. These two approaches are, of course, equivalent. Let tt: Y ^ M 
be a surjective submersion and let Y^^ be the p-fold flbre product 

= {(yi, ...,y,)\ ^(yi) = • • • = 7r(yp)} C Y^. 

For each i = 1, . . . ,p+ 1 define the projection tTj : FIp+^I to be the map that 

omits the i-th element. If J — > Y^^ is a line bundle we define a new line bundle 
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5{J) by 

5{J) = ttHJ) O w^ijy O n^iJ) O • • • . 

It is straightforward to check that S{5{ J)) is c;aiioiiic;ally trivial. Moreover if cr is a 
section of J then 6{6{a)) = 1 under this canonical trivialisation. We then have: 

Definition 2.1. A bundle gerbe on M is a pair {L,Y) where tt: F ^ M is a 
surjective submersion and L — > F^l a line bundle such that: 

(1) there is a non-zero section s of 5{L) — > Y^^\ and 

(2) 6{s) = 1 as a section of S{S{L)). 

If L is a hermitian line bundle and ,s has length one we call (L, Y) a hermitian 
bundle gerbe on M. Notice that if (2/1,1/2,2/3) G i^'^' then a vector 

of length one defines a hermitian isomorphism 

(2-1) -^(yi.y2) ® L(y2,y3) ^ ^(vim) 

called the bundle gerbe multiplication. If (yi, 2/2, 2/3, 2/4) ^ ^'^^ there are two natural 
ways to compose the bundle gerbe multiplication and define an isomorphism: 

^{vi,V2) ^(V2,y3) ® ^(y3,yi) ^ -^(2/1,2/4) • 

If these two isomorphisms agree we call the bundle gerbe multiplication associative 
and this is equivalent to the condition (5(s) = 1. 

Associated to any bundle gerbe is a class in H^{M, Z) called the Dixmier-Douady 
class of the bundle gerbe. We will omit its derivation, which can be found in [19], 
as we do need it in the discussion below. We do, however, need to understand its 
image in real cohomology which can be defined as follows. 

Letn«(FW) be the space of differential g- forms onY^\ Define a homomorphism 

i=l 

These maps form the fundamental complex 

^ Qi{M) i Qi{Y) ^ i fi9(yPl) i . . . 

which is exact [19]. If {L, Y) is a bundle gerbe on M then a bundle gerbe connection 
is a connection V on X such that s is covariantly constant for (5(V). Equivalently 
the connection V commutes with the bundle gerbe multiplication (2.1). If V is a 
bundle gerbe connection and fy it^ cnirvature then S{F^) = so that Fy = (5(/) 
for some two-form / € Q'^{Y). A choice of such an / is called a curving for V. From 
the exactness of the fundamental complex we see that the curving is only unique 
up to addition of two-forms pulled back to Y from M . Given a choice of curving / 
we have 6{df) = d6{f) = dFy = so that df = tt*{co) for a closed three-form u) on 
M called the three- curvature of V and /. The de Rham class 

1 

_27r 

is an integral class which is the image in real cohomology of the Dixmier-Douady 
class of {L,Y). For convenience let us call this the real Dbcmier-Douady class of 
{L,Y). 
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2.2. Holomorphic functional calculus. We briefly recall the main features of 
the holomorphic functional calculus and refer the reader to [13] for more details. 
Let B{H) denote the Banach algebra of bounded operators on a Hilbert space H. 
Suppose that T e B{H) and that the spectrum spec(T) of T is a compact subset 
of the complex plane. Given a complex valued function /, holomorphic on an open 
neighbourhood U of spec(T), we can define a new operator f{T) by the contour 
integral 

fiT) = ^J^f{m-T)-'d^. 

Here C is a contour surrounding spec(T) which hes entirely in U and is always taken 
to be oriented counter-clockwise. Because the resolvent {£, — T)~^ is holomorphic 
away from spec(r) this definition is independent of continuous deformations of 
C. It is an easy consequence of Cauchy's theorem that if g is another complex 
valued function, holomorphic on the same open neighbourhood U, then {fg){T) = 
mg{T). 

As an example of this formula suppose that A is an isolated point of spec(T) which 
is an eigenvalue of T. Then the orthogonal projection P\ onto the A eigenspace of 
T, E(^T,x), is given by the contour integral 

(2.2) ^=2^1(^-^)"'^^ 

where C\ is a small circle centred at A which contains no other point of spec(T). 

It is instructive to consider this for the case when T = g is a unitary matrix. Since 
we can write <? as a sum ^ AiPj where Pi denotes the orthogonal projection onto 
the Aj-eigenspace we see that the resolvent — g)~^ can be written as a sum 

{^-g)-' = ^{^-Xi)-'Pi. 

This gives an effective way to evaluate the contour integral (2.2) since this can now 
be written as 

and all one has to do is evaluate the contour integrals ^ fc^^^ ~ Xi)~^d^ which 
can easily be done. 

In a similar fashion assume that C is a contour encircling eigenvalues Ai, . . . , A^ 
of T. Then 

(2.3) ^=2^^//-^)"'^^ 
gives the projection onto the sum of the eigenspaces: 

3. The basic bundle gerbe 

We now give a global version of the construction in [18, 21] of a bundle gerbe on 

a group of unitary operators. Suppose that G is one of the following groups: the 
unitary group U (n) (more generally the group U {H) of unitary operators on some 
finite dimensional Hilbert space H), the (diagonal) torus T = T" c U{n), or one 
of the Banach Lie groups Up{H) for H an infinite dimensional separable complex 
Hilbert space. Recall [24] that for p > 1 the groups Up{H) are defined to be the 
groups of unitary operators on H differing from the identity by an operator in the 
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Schatten ideal Cp{H). For more details on the ideals Cp{H) wc refer the reader to 
[26]. Notice that in all cases elements of G act as unitary operators on a Hilbert 
space H. For convenience of presentation we shall refer to the space that G acts 
on as H even when it might be more natural to call it C". 

Denote the identity in G by 1 and note that if g € G then its spectrum spec((7) 
(when we consider 5 as an operator on H) is a subset of the circle U (1) C C. If 
H is finite dimensional then the spectrum of g( e G is of course finite, and hence 
discrete. Suppose that H is infinite dimensional so that g G Up{H) for some p > I. 
Write g = 1 + A where A belongs to the appropriate ideal £p{H). If A e spec(sf) 
then g — X is not invertible and hence A — (X — 1) is not invertible. This means 
A — 1 belongs to the spectrum of the compact operator A. The spectrum spcc(^) 
of the compact operator ^ is a set with no non-zero accumulation points, and if 
fi e spec (A) is non-zero then /x is an eigenvalue of finite multiplicity. It follows that 
the spectrum spec((7) of g is a subset of C/(l) which has at most one accumulation 
point at 1 e U{1). All elements of the spectrum of g not equal to 1 are eigenvalues 
of finite multiplicity. Denote by Uo{l) the set C/(l) with the identity element, 1, 
removed. 

Define 

Y = {{z,g) I z i spec(5) U {!}} C Uo{l) x G 

and let tt: F — > G be the projection n{z,g) = g. We will identify Y^^ with the 
subset of Uo{l)P X G determined by 

= {(^1, ...,Zp,g)\zi,...,Zp^ spec(ff) U {!}} C C/o(l)^' x G 

We put an ordering on Uo{l) as follows. If ^1,2:2 G t^o(l) we say that Zi > Z2 

if we can positively rotate Z2 into Zi without passing through 1. For any pair 

zi,Z2 G Uo{l) we say that A is between z\ and z^ if A is in the connected component 

of ?7(1) — {21. Z2} not containing 1. Call a point (21, ^2, 9) S 5^'^' positive if there 

are eigenvalues of g between zi and Z2 and zi > Z2, null if there are no eigenvalues 

of g between zi and Z2 and negative if there are eigenvalues of g between z\ and Z2 

and zi < Z2- Note that if (^1,2:2,9) is positive (negative) then {z2.zi,g) is negative 

r 1 [2I [2I [2I 

(positive). Denote the corres sponding subsets of r'^] by yj-^i^ yj^i ^nd Y}_ \ 

[2] 

Let E(^g^x) be the A eigenspace of 5 for A e Uo{l). If {zi,Z2,g) is in y_[ we define 
(3-1) -^(^1,^2,3) = Eig,\)- 

Zl >\>Z2 

By construction, i?(2j,22,g) ^as finite dimension so we can define the top exterior 
power 

L{zi,Z2,g) = 'i^^{E{zi,Z2,g)) 

If (2:1, 2:2,5) S io^' we define 

L{zi,Z2,g) = C 

and if {zi,Z2,g) £Y_' we define 

L(zi,z2.g) = det(S(^2^^^^g))*. 

We want to show that L ^ yl^l is a smooth locally trivial hermitian line bundle. 

[21 

It suffices to show that E Y_\_' is smooth and locally trivial and by standard 
results this follows if we can show that P : Y^^ — > B{H) is smooth where P is the 
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orthogonal projection onto E. To show this last fact we will use the holomorphic 
functional calculus from Section 2.2. 
Consider the continuous map 

i7o(l) X C/o(l) X G ^ B{H)xB{H) 
{zi,Z2,g) ^ (zi -g,Z2-g) 

As y [■^1 is the pre- image under this of the open set of pairs of invertible operators in 
B{H) X B{H) it follows that yP] ig open in Uq{1) x Uq{1) x G. If {w^, W2, h) € Y^^ 
we can therefore find connected open sets U^i, and Uh containing wi, and 
h respectively, with the property that if 

then neither of zi or Z2 is in the spectrum of g. In particular, ii g G Uh and C is 
any anti-clockwise contour cutting U{1) once in Uyj^ and once in U^^ then C must 
encircle all the eigenvalues of g between Zi and Z2- Fix such a contour as in Figure 
3.1. Let 

(3.3) [/( h) — Uwi X [7^,2 X Uh- 
The projection map restricted to U^nj-^ yj^ h) 

is therefore given by the contour integral formula 

(3.4) P{zi,z2,g) = ^.£{^-g)-'d^- 

As we can differentiate through the contour integral and the integrand is smooth it 
follows that P is smooth on U(^^^^u!2,h) aiid hence on all of Y^'^\ Moreover tr(P) = 
dim(£'(2j_22,g)) must be constant and equal to dim{E(^^^^^^^h)) so that ?7(u,i,,(,2,ft) 

[21 [21 [21 

must lie entirely in one of Y_^, Yq ' or y_ ' and hence they must all be open. It 
follows that P : Y^^ B{H) is smooth and we have shown that: 

Proposition 3.1. L is a smooth and locally trivial line bundle on y^l. 



We want to now prove that L is a bundle gerbc. The basic fact that this uses 
is that if y © W is a direct sum of vector spaces then wedge product defines a 
canonical isomorphism 



det(y) O det(W") = det(y W) 
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However the proof is made complicated by the various cases that arise. To handle 
some of these we make the following definitions. Let denote the symmetric 
group on r letters. This acts naturally on by permuting the yi,...,yr in 
(yi, . . . , Ur, g)- If J ^ FI''! is a line bundle we say that J is antisymmetric if for all 
p e Sf. we have isomorphisms 

J~p*(J)^Sn(p) 

where we denote by p: yM FM the map induced by the permutation p. Also 
if y is a vector space, we are using the notation for F*. If ^ u e V a 
one-dimensional vector space define v* € V* hy v{v*) = 1 and also denote v* by 

v^^ . If J is antisymmetric and ijj is a non- vanishing sec;tion of J then it makes 
sense to define tp to be antisymmetric li ip = p* {ipY^'^^P^ for all p £ T,r- 

Lemma 3.2. If J ^ Y^''^ is antisymmetric then 5 (J) is antisymmetric. In such a 
case if tjj is an antisymmetric section of J then S{^p) is an antisymmetric section 
ofS{J). 

Proof. We have 

^{J){xi,X2,.-,Xr+l) = J{x2,X3,-,Xr+l) ^ J^Xi ,X3,. . . ,Xr+l) ^ J{xi,X2,X4, ,Xr+l) ' ' ' 

Inspection shows that any side by side transposition changes the right hand side to 
its dual so the result follows. The same method works for ip. □ 

Notice that, by construction, L yl^l is an antisymmetric hermitian line bundle. 
Consider {zi, Z2, z^, g) G Y^^\ There is a p G S3 such that Zp(i) > Zp(2) > Zp(3). 
Define (01, 22, 2:3, g) to be of type (1, 1) if there are eigenvalues of g between Zpji) 
and Zp(^2) and also between Zp(^2) and -2p(3), type (1,0) if there are eigenvalues of g 
between Zp(^i) and Zp(2) but not between 2;p(2) and 2p(3), type (0, 1) if there are no 
eigenvalues of g between Zp(^i') and Zpi^2) but there are some between Zp(2) and Zp(3) 
and type (0,0) if there are no eigenvalues of g between Zp(^i) and 2p(3). Notice that 
although p is not unique if some of the Zi are equal, nevertheless these definitions 
still make sense. Denote by ^('f the subset of F^^l consisting of elements of type 

{i, j) for each i,j = 0,1. Each 5^(f !,) is invariant under S3 and is a union of connected 

components of F'^I and hence open. 

Consider {zi, Z2, Z3, g) G ^('f'l) with Zi > Z2 > 23. We have 

(3-5) ( £^(,,A) ) ® ( i^(,,A) ) = ( E^^J 

\zi>X>Z2 / \Z2>\>Z3 / \zi>X>Z3 ) 

SO that 

and hence wedge product gives an isomorphism 

(3-7) ® -£'(Z2,Z3,S) = ^{zx,Z3,g)- 

Moreover this defines a smooth section 

(3.8) 5(2:1, Z2, 23, g) e i{i^){z,,Z2,Z3,g) = L(Z2,Z3,9) Ll^^,z3,g) ® ^(^1,22,3) = C 

at points satisfying 21 > 22 > 23. We can extend this to a section s of 5{L) over all 
of fJ^L by requiring antisymmetry. 
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Consider {zi, Z2, z^, g) G ^(10) "^it^ Zi > Z2 > z^. Then by definition 

(3-9) i(.„.3,s) = C 

and moreover -^(^^^^^ g) = £^(^1,^3,3) so that 

(3-10) -£'(2i,22,ff) = i(2i,23,S)- 

Thus we have 

^i^){zi,Z2,zs,g) = L(z2,Z3,g) ® L*zi,Z3,g) ® -^(^1,^2,9) = C (g) ^(^,,^3,3) O -£'(21,23,5) = C 

SO we can define 

5(21,2:2,^3,. 9) e (21, 22, 23,5)- 

Notice that on the connected component containing (2:1,22,23,3) the conditions in 

equations (3.9) and (3.10) will be satisfied for all points so that tjj extends to a 

smooth section on all of that connected component. A similar argument can be 

[31 . 

applied at the other points of q) ^'^ S^^*^ antisymmetric section s. Clearly the 

[31 

same type of argument can be applied in the case of i)- the remaining subset 

[3] 

all the line bundles are trivial so there is an obvious section. We conclude 

that there is a naturally defined antisymmetric section s of 5{L) over all of Y^^\ 

We have already remarked that S(s) = 1 is equivalent to the bundle gerbc mul- 
tiplication (2.1) being associative. In the case that 21 > 22 > 23 > 24 and there 
are eigenvalues of g between each of the consecutive 2's this follows because the 
wedge product is associative. As s and L arc both antisymmetric it follows from 
Lemma 3.2 that d{s) is antisymmetric, so that ^(s) (21, 22, 23, 24, 5) = 1 whenever 
there are eigenvalues of g between each consecutive 2;'s, regardless of their ordering. 
The other cases can be dealt with in a similar fashion. We conclude that L yl^l 
is a hermitian bundle gerbc on G. 

4. A BUNDLE GERBE CONNECTION AND ITS CURVATURE 



The basic bundle gerbe has a canonical bundle gerbe connection constructed as 
Hows (i 
we have 



follows (this construction is mentioned in [10] and discussed also in [14]). Over Y^^ 



EcHx > 
and we can use the orthogonal projection 

P: H E 

to project the trivial connection on H x y_[^' to a connection V on E. Over Y^^ 

this defines a connection det(V) on L, over Y^^ we take the corresponding dual 

[21 

connection and over Yq ' we take the flat connection. Notice that as L is antisym- 
metric we can consider the corresponding notion of antisymmetry for a connection 
and by construction det(V) is antisymmetric. 

We wish to show this is a bundle gerbe connection. Consider a connected com- 
ponent X of Y^^'^^ containing some (21,22,23,5) for which 21 > 22 > 23. From 
equation (3.6) we have the orthogonal direct sum 

(4-1) ^izi,Z3,g) = -^(21,22,9) ® -^(22,23,9) C H. 

It follows that over X we have 

(4.2) TT^iE) = nl{E) e nl{E) C Y^^^ x H 
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and moreover that we have 

'^2(V) = 7r*(V)®7r*(V) 

because equation (4.2) is an orthogonal splitting and the connections are defined by 
orthogonal projections. Hence over X the connection respects the wedge product 
isomorphism 

TT;{L) = 7T*3{L) ^ TtI{L) 

and hence the section s is covariantly constant for the connection on L over X. By 

antisymmetry the section s is covariantly constant for the connection over all of 
Y^!^\y The other parts of F'^] 

can be dealt with in a similar fashion. We conclude 
that the connection we have constructed is a bundle gerbe connection. 

Over Y^^ the curvature two-form -Fdet(V) of the bundle gerbe connection will be 
equal to the trace tr(Fv) of the curvature i^v of the connection V on the vector 
bundle E. It is a simple calculation to see that this can be computed in terms of 
the projections P as 

(4.3) Fdet(v) =tr(PrfPrfP). 

By the antisymmetry of det(V) the sign of -Fdet(v) will change on yI^' and it will 
vanish on yj^'. 

We now explain how the holomorphic functional calculus from Section 2.2 can 
be used to derive a contour integral expression for the curvature two-form Fdet(v) 
described above. This will be useful in defining a curving for -Fdet(v)- We can use 
the local expressions (3.4) for the projections P to write down a contour integral 
formula for -F'dot(v); priori this will be a triple contour integral, however it is 
possible to obtain a simpler formula as in the following Proposition. Let G be one 
of the groups U{H) for H a finite dimensional complex Hilbert space, or Up{H) 
for H an infinite dimensional complex Hilbert space and 1 < J) < 2. For any 
(zi, 02,5) G Y\_ choose a closed contour C(z-i,z2,g) enclosing all the eigenvalues of g 
between zi and Z2-i oriented counter clockwise. Then we have 

[21 

Proposition 4.1. The restriction of the curvature Pdet(v) toY^^ is given by 

(4.4) Pdet(v)(^i,^2,5) = 1^ / ((^ - g)-'dg{^ - g)-^dg) d^ 

Notice that on the right hand side of this formula we have committed an abuse 
of notation and denoted by dg the derivative at {z\,Z2,g) of the projection map 
G. Notice also that the curvature two-form has no components in the U{1) 
directions. We also need to comment on this expression in the infinite dimensional 
case when G = Up{H). If 1 < p < 2 then the trace in (4.4) makes sense, since 
(^ — g)~'^dg{(^ — g)^^dg is a product of one-forms taking values in Cp{H), and 
hence is a two-form taking values in the trace class operators on H. The proof of 
Proposition 4.1 is deferred to Appendix A. 

5. A CURVING 

We would now like to find a curving for this bundle gerbe connection, in other 
words we would like to find a two-form f onY such that 

fdet(V) = '5(/) = </-7r2V 
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on yt^l. We can do this as follows. For each complex number z with \z\ = 1 let 
i?2 denote the closed ray from the origin through z. For any z G ?7o(l) "we define a 
branch of the logarithm, log^ : C — i?2 ^ C, by making the cut along and also 
setting logj,(l) = 0. If z\ > Z2 write (-21,-22) for the set of ^ € i7(l) between zi and 
Z2 in the sense of Section 3. It is easy to check that if zi > Z2 then 



(5.1) log,, ^- log,, ^ 



2ni if ^/l^l e (-21,^2) 
otherwise. 



For any {z, g) G Y, choose an anti-clockwise closed contour C(^z,g) in C — i?, which 
encloses spec(s(). 

Theorem 5.1. Suppose that G = U{H) for some finite dimensional complex Hilbert 

space H . Define a two-form f on Y by 

(5.2) f{z, 9) = ^i log, C tr ((C - 9)-^dg{£, - g)-^dg) d^. 

Then we have: 

(a) the two-form f is a curving for the bundle gerbe connection det(V) in the sense 
that it satisfies 6{f) = -Fdet(v) '^''T'd, 

(b) the 3-curvature of the bundle gerbe connection det(V) and curving f is the 
three-form 

-;^tr(,-.,)3. 

(c) The real Dixmier-Douady class of the basic bundle gerbe {L,Y) is 

1 ' -l^.^3 



247r2 



Hg-'dg) 



Again we have abused notation on the right hand side of (5.2) and denoted by 
dg what is really the derivative at {z, g) of the projection from y to G. 

We need to show first of all that (5.2) defines a smooth two-form on Y . Observe 
that f{z,g) is independent of the choice of contour C^^.g), since the integrand is 
holomorphic in ^. Fix {w, h) e Y . Wc can choose an open neighbourhood Uw of 
w in C/o(l)i ^iid an open neighbourhood Uh of h in G such that U(^^ yC) — U^i x Uh 
is an open neighbourhood of {w, h) in Y . After perhaps shrinking C/^ a little we 
conclude that if g e Uh then spec(g') does not intersect Uw Therefore we can find 
a contour C which contains the spectrum of every g G Uh and lies inside 



C- [j 



Such a C satisfies the requirements to be a C(2,(,) for any {z,g) G U(^yj^h)- Moreover 
for any z G Uw we have log, = log^ on C by (5.1). Hence it follows that the 
restriction of / to U(^w,h) satisfies 

f{z,g) = ^<f logw^tv{{^- 9r'dgi^-9r^dg)d^. 

[21 

and is clearly smooth on this open set and hence on all of y_|. ^ 

Part (a) of Theorem 5.1 is not too difficult to establish. It is enough to prove 
this on the open subset Y^^ of F^l Recall that on this set zi > Z2- Since the 



BUNDLE GERBE 



13 



expression (5.2) for f{zi,g) is independent of the choice of contour C(2j^_g) we can 
replace the contour C(zi,g) with the union 

where the contour C(^zi,z2,g) is the one described in Proposition 4.1 above and the 
contour C(^zi,z2,g) ^ contour surrounding the part of the spectrum of g lying in 
the set Un{l) \ {zi, Z2)- Then we have that 7r|/ is given by 



^ £ log,, etr ((^ - g)-'dg{^ - g)-^dg) d^ 

i log, J tT{{^-g)-'dg{^-g)-^dg)d^ 

^ <f log,, ^tr ((e - gr'dgi^ - g)-Hg) d^. 



" 87r2 



Likewise we can write the contour C(z2,g) ^■s a union C(2j ^g) U (7(2,^,2 ^g) and obtain 
an expression for tt* / as a sum of contour integrals as above. It then follows, using 

[2] 

equation (5.1) that 5{f) = -Fdgt(v) on y[ . 

The proof of part (b) of Theorem 5.1 requires a little preparation, in particular 
wc need to make use of some properties of the so-called 'Wcyl map'. We discuss 
this in the next section and complete the remainder of the proof of Theorem 5.1 in 
the Appendix. 

It is possible to generalise Theorem 5.1 to include the Banach Lie groups Up{H) 
for 1 < p < 2. More precisely we have the following result: 

Theorem 5.2. Let G he one of the Banach Lie groups Up{H) for I < p < 2. 
Define a two-form fonYby 

(5.3) f{z,g) = -^£ log,itr{{i-gr'dg{^-g)-^dg)d^. 

Then we have: 

(a) the two-form f is a curving for the bundle gerbe connection det(V) in the sense 
that it satisfies d{f) = fdet(v) o.iT'd, 

(b) the 3-curvature of the bundle gerbe connection det(V) and curving f is the 
three-form 

-^trig-^dgf. 

(c) The real Dixmier-Douady class of the basic bundle gerbe {L,Y) is 

^ tv{g-^dgf. 



247r2 



The comment about traces following Proposition 4.1 applies verbatim in this 

situation to show that the trace in the expression (5.3) is well-defined. The proof 
that / is a smooth two-form on Y and that 6{f) = i^det(v) goes through in exactly 
the same manner as above. We now need to identify the associated 3-curvature. 

Let ei, 62, 63, ... be an orthonormal basis of H and let _ff„ be the subspace of H 
spanned by ei, 62, ... , e„. The algebra gl{Hn) of linear transformations of H„ can 
be identified with a subalgebra of B{H) by sending a linear map T to the bounded 
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operator PnTPn (here P„ denotes the orthogonal projection onto Hn). As pointed 
out in [24], for any p,n>l there is an inclusion 

U{H^) C Up{H), g ^ (P„5P„ - P„) + 1. 

It is clear that the basic gcrbc over Up{H) defined above restricts to the basic gcrbe 
over U{Hn) for any n. Also note that forms on Up{H) restrict to forms on U{Hn). 
In [24] Quillen proves the following result: 

Theorem 5.3 ([24] Proposition 7.16). Let w be a form defined on Up{H) for any 
p > 1. If u) vanishes when restricted to U {Hn) for any n, then ui vanishes on 
Up{H). 

We can use Theorem 5.3 to calculate the 3-curvature w of the basic bundle gerbe 
with connection det(V) and curving / on Up{H) for 1 < p < 2. Consider the 
three-form 

defined on Up{H). Under the inclusion U{Hn) C Up{H) the left Maurer-Cartan 
1-form Ql = g~^dg on Up{H) pulls back to a 1-form on U{Hn) taking values in 
Cp{H). It is easy to see that this pullback of Ql is given by the 1-form 

PnOhPn 

on U{Hn) where 6l denotes the left Maurer-Cartan 1-form 9l = g~^dg on f/(iJ„). 
Since 9l commutes with P„ it follows that the three-form —j^tr{g~^dg)^ on Up{H) 
restricts to the corresponding three-form — ir:{g~^ dg)^ on every U{Hn) and so 
the difference uj+ tj:{g~^dg)^ vanishes on every U{Hn). By Quillen's result this 
means that 

^ = -^tTig-^dgf. 

6. The Weyl map p: G/T xT^ G 

Suppose that G is a compact, connected Lie group and that T is a maximal torus 
of G. There is a canonical map 

p: G/TxT^G 

defined by sending a pair {gT,t) to the element gtg~^ of G. Clearly this is inde- 
pendent of the choice of representative of the coset gT. This map has a number of 
very useful properties. For instance it is G-equivariant for the obvious left G action 
on G/T X T and the left G action by conjugation on G. More useful for us however 
is the following fact. 

Proposition 6.1. The map p: G/T x T ^ G is a \W\ sheeted covering when 
restricted to the dense open subset G^g of regular elements in G (here \ W\ denotes 
the order of the Weyl group W of G). 

Recall (see for instance [1]) that an element 5 of G is said to be regular if the 
dimension of its centraliser is equal to dimT. For G = U{n) this means that g 
has distinct eigenvalues or that it is conjugate to a diagonal matrix diag(2;i, . . . , Zn) 
with all the Zi distinct. It is clear that the set Greg of regular elements in G is a 
dense open subset of G. 

Over Greg the map p restricts to a map Preg- G/T x Treg Greg where Treg 
denotes the dense open subset of T consisting of regular elements. As mentioned in 
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the statement of Proposition 6.1 the map preg is a \W\ sheeted covering. This 
means in particular the derivative rfprog is surjective and so the pullback map 
{Pieg}* '■ ^{Gieg) il{G/T X Treg) Is Injectlve on forms. However since Greg is 
dense in G it follows that the pullback map p* : il{G) Q{G/T x T) must also 
be injective. We record the above discussion in the following Corollary to Proposi- 
tion 6.1: 

Corollary 6.2. The Weyl map P: G/T xT ^ G induces by pullback an injective 
map on differential forms 

p*: VL{G) n{G/T X T). 

For the special case when G = U{n) and T is the diagonal torus the map p has 
a nice description. First of all G/T can be identified with the flag manifold F„ of 
C", so that we can think of a point in G/T as an increasing sequence 

Vi C c • • • c K = C" 

of subspaces of C" such that dimVi+i/Vi = 1, or alternatively as a family of 1- 
dimensional subspaces Wi,W2, . . . , Wn of C" such that W, is orthogonal to Wj if 
i ^ j. Replacing the subspaces TV',; with the orthogonal projcc;tions Pj onto them, 
we see that we can identify a point in G/T with a family of orthogonal projections 
Pi,P2,...,P„ such that PiPj = if z ^ J and ^. Pi = 1. 

So we can think of a point in G/T x T as a pair (P, A) consisting of a family 
P = (Pi, P2, • • • , Pn) of such orthogonal projections and a point A = (Ai, A2, . . . , A„) 
in T. It is useful to regard the Aj as the eigenvalues of a unitary matrix g and the 
Pj as the orthogonal projections onto the corresponding eigenspaces. With this 
interpretation the map p: G/T x T ^ G has a simple description: it is the map 
which sends such a pair (P, A) to the unitary matrix 

n 
i=l 

As we have already mentioned, the construction of the basic bundle gerbe in Sec- 
tion 3 gives in particular a bundle gerbe over the (diagonal) maximal torus T = T" 
of G = U{n). Let us denote by {Lt, Yt) this basic bundle gerbe on T so that Yx is 
the subset of U{l)o x T consisting of pairs (z, t) so that z is not one of the diagonal 
entries of t. Note that the map p: G/T xT G induces a map 

Py: G/T xYt-^Y 

[gT, iz,t))^{z,gtg-'). 

Let l^reg be the subset of Y consisting of pairs {z,g) where g € Greg- Similarly let 
Ir.reg denote the subset of Yt consisting of pairs {z, t) where t G %eg. Freg and 
Yr.reg are dense, open subsets of Y and Yt respectively. Also, the covering map 
Preg- G/T X Treg Greg puUs back along the projection l^eg ^ Greg to define 
a covering map G/T x Ir.reg ^reg- This is just the restriction of the map py 
defined above. Now the same argument used to prove Corollary 6.2 applies to prove 
the following Lemma. 

Lemma 6.3. The map py - G/T x Yr ^ Y induces by pullback an injective map 
on differential forms 

{pyf: ^{Y)^^{G/TxYt). 
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One can prove in exactly the same way that the map G/T x y!^ Y^^^ induces 
an injective pullback map on differential forms. Here the fibre products Ij?' and 
y[^l are formed with respect to the projections Yx ^ T and Y ^ G respectively. 

For later use, we will calculate the pullback p*{g~^dg) of the operator valued 
1-form g-'^dg to G/T x Ft- We get 

(6.1) P*{9-'dg) = J2 K'dXiPi + ^ Xi'XjPidPj. 

We finish this section with a remark about the eigenvalues of a unitary matrix. 
Clearly any unitary matrix g can be written in the form AjPj and it is even 
true that the eigenvalues Aj depend continuously on g, since they are the solutions 
of the equation dct(g — Al) = and hence vary continuously with g. Consider 
the open subset of G consisting of all unitary matrices g such that z is not an 
eigenvalue of g. We could then define a partial order on the unit circle U{1) \ {z} in 
the same manner as in Section 3 above. We can then order the eigenvalues Xi{g) of 
the unitary matrices g belonging to and we may wonder whether the Aj depend 
smoothly on g. However this is not the case as the following example shows. Take 
G = SU{2) and consider the open set Ui consisting of those g € SU{2) for which i 
is not an eigenvalue. Consider the intersection 

f.nT = {(» »),„,.} 

of Ui with the standard diagonal torus T. Let ga denote the diagonal matrix above. 
Then if we define Ai: Ui J7(l) to be the first eigenvalue of relative to the 
ordering of f/(l) \ {i} defined by rotating in a clockwise direction from i then the 
value of Al on C/j n T is 

a if X > 0, 2/ > 
a if X < 0, y > 
a if a; < 0, y < 
a if a; > 0, y < 

with a = X + iy. This is continuous but not differentiable at a = ±1. In order to 

evaluate the various contour integrals we consider it is necessary for us to be able 
to write g in the form J2i XiPi- Passing to the space G/T x T avoids this potential 
problem with the lack of smooth dependence on g of the eigenvalues Xi{g). 

7. The basic bundle gerbe as an equivariant bundle gerbe 

Suppose that a compact Lie group K acts smoothly on a manifold M, and that 
{L, Y) is a bundle gerbe over M. 

Definition 7.1. We will say that {L,Y) is a K-equivariant bundle gerbe^ if the 
following conditions are satisfied: 

(1) there is an action oi K onY for which the surjective submersion w: Y ^ M 
is a /f-equivariant map, 

(2) the line bundle L is a ii'-equivariant line bundle for the induced 
iC-action on yl^I. 




It is possible to consider a weaker notion of -ff-equivariant bundle gerbe — see for instance 
[18]. The simpler notion that we describe here will be sufficient for our purposes. 
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(3) the section s of the hne bundle 6{L) on y'"^' is /C-equi variant. 

For more information on equivariant gerbes the reader is referred to [2, 18, 27]. 

In the introduction we discussed the various realisations of the basic bundle 
gerbe that have appeared in the literature so far. In the constructions [3, 6, 18] it is 
proven that the basic bundle gerbe is an equivariant bundle gerbe for the action of 
G on itself by conjugation. This is also true for our realisation of the basic bundle 
gerbe. Let G denote one of the unitary groups described in Section 3. 

Proposition 7.2. Let G act on itself by conjugation. Then the basic bundle gerbe 
on G constructed in Section 3 is an equivariant bundle gerbe in the sense of Defi- 
nition 7.1 above for this G action. 

We first note that the conjugation action on G lifts to an action on Y: if {z, g) GY 
and k E G then (z, kgk~^) G Y since conjugation docs not change the eigenvalues 
of a unitary operator. This G-action naturally induces one on yl^l and we need to 
check that the line bundle L is equivariant for this G-action. Recall that L ^Y_^' 
is defined to be the top exterior power 

L = det{E) 

where E is the vector bundle on Y^^ defined by the projection valued map 

P: yP] ^ B{H) 

G acts naturally on H and hence on B{H); if X is a bounded operator on H, then 

k(X) is the bounded operator given by k(X)(v) = kX(k~^v) for v a vector in H. 

Therefore, to prove that L ^ Y_^' is equivariant, it is enough to prove that E is 
an equivariant vector bundle, and to do that it is enough to prove that P is an 

equivariant map. 

The value of P at a point (zi , 22 , (?) is the orthogonal projection onto the subspace 

E{zi,z2,g) = E^g,\) 

Zl>\>Z2 

If V is an eigenvector of g with eigenvalue A then clearly k{v) is an eigenvector of 

kgk~^ with eigenvalue A. Since G acts as a group of unitary operators on H, it 

follows that P{zi,Z2, kgk~^) = kP{zi,Z2,g)k~^, i.e P is equivariant. It is now clear 

[21 

how to extend the G-action on the line bundle L over Y,^' to a. G-action on L over 

the entire space yPl. It is also easy to sec that the section s of S{L) defining the 
bundle gerbe product on L is equivariant for these G-actions. This completes the 
proof. 

Notice in particular that Proposition 7.2 implies that if T is the diagonal torus 
inside G = U{n) then (Lt,Yt) is a T-cquivariant bundle gerbe for the trivial 
action of T on itself by conjugation. It is interesting to study the puUback of (L, Y) 
along the map p: G/T x T; in some sense the bundle gerbe {L,Y) 'abelianises'. 
To understand what we mean by this observe that since T is a subgroup of G 
there is a canonical way to extend the T-equivariant bundle gerbe {Lt,Yt) on T 
to a G-equivariant gerbe on G/T x T. Wc make Yr into a G-space by forming 
G Yt = G/T X Yt, and we make Lt into a G-equivariant line bundle over 
G/T X Y^^ by forming Gx^Lt- The pair (G x^ Lt, G/T x Yt) is a G-equivariant 
bundle gerbe on G/T x T. We have the following proposition. 
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Proposition 7.3. There is a bundle gerbe morphism 

{Gx^ Lt, G/T X Ft, G/T x T) -> {L, Y, G) 

covering the map p: G/T xT ^ G. In particular the bundle gerbe p*L onG/TxT 
has the same Dixmier-Douady class as {G x^ Lt, G/T x Yt). 

Here by a morphism of bundle gerbes we understand a morphism in the sense 
of [19]. As we have already noted above, there is a canonical G-equivariant map 
Py- G/T X Yt ^ Y covering the Weyl map p: G/T x T ^ G, which sends a pair 
{gT, {z,t)) e G/T X Yt to the pair pvigT, (z,t)) = {z.gtg-'^) e Y. 

There is also a canonical G-equivariant map G Lt —> L covering the induced 
map : G/T x Y^^ — > yPl. This is defined as follows. Suppose that {zi,Z2,t) e 

[21 [21 [21 

Yj,'_^, where Y^'_^ is defined in the analogous manner to FJ. . Let v G E(zi,z2,t) be 
an eigenvector of t corresponding to some eigenvalue A € (zi,Z2). If g G G then 
gv is an eigenvector of gtg^^ corresponding to the eigenvalue A. In other words 
gv e E(^zi,z2,gtg-'^)- We have therefore a linear map 

E{zi,Z2,t) -£^(zi,Z2,stg-i)- 

On taking top exterior powers this gives a linear map 

iLT)(zi,Z2,t) ■f'(zi,Z2,ffis"i)- 

These linear maps are the restrictions to the fibres of a morphism of line bundles 
p: G x^ Lt L, covering : G ^t^+ ~^ Y^K It is clear that moreover this 
morphism is G-equivariant. By duality we get a corresponding G-equivariant mor- 
phism of line bundles covering : G x ^ Y^\_ — > Y^^ Trivially a similar statement 

[21 

is true over Y^^. Hence wc have a G-equivariant morphism of G-equivariant line 

bundles p: Gx'^ Lt L which covers Py^. It is not difficult to show that p respects 
the bundle gerbe products on G x"^ Lt and L. The triple 

{p,PY,p): {Gx^ Lt,G/TxYt,G/TxT) ^ (L,F,G) 

is a morphism of bundle gerbes in the sense of [19] . 

Appendix A. Proof of Proposition 4.1 

As in Section 3 above, if {zi,z2,g) € Y^^ we let P = P^zi,z2,g) denote the 
orthogonal projection onto the eigenspaces E(g x) for A £ {zi,Z2)- We have the 
contour integral expression (3.4) for the restriction of P to the open set ?7(u,i,u,2,?») 
/ X Uw2 X Uh associated to a point {wi,W2, h) € 

''=irit^-^^-''^ 

Here C is the contour in C/(«,j,m)2./i) described earlier. This formula clearly shows 
that P is differentiable, since the resolvent — g)~^ depends smoothly on g. It is 
not hard to show that the derivative dP of P at a point (^i, Z2,g) in the open set 
U(wi,w2,h) is given by the expression 

dP=^ (f i^-g)-'dgi^-g)-'d^ 

where as above, dg denotes the derivative at {zi,Z2,g) of the projection of F^^J onto 
G. Note that the integrand is an analytic function of ^ and hence we can deform 
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the contour C without changing the value of the integral. In particular we may 
write 

•'C'(2i>22.a) 



rol 

where for any (zi, Z2,.9) <= ^+ , the contour C(^zi,z2,g) is chosen so that it surrounds 
the part of the spectrum of g lying between zi and Z2- We now compute the 
expression for the curvature 

i^dct(v) - tr{PdPdP) 
in terms of these contour integral formulas. First of all choose contours C(j,j g), 
^(zi Z2 g) 1 Z2 g) surrounding the part of the spectrum of g lying in the set 

(21,^2). We can suppose that the contours are nested in the sense that C(2j_22_g) is 
contained inside C^^^ which is contained inside C"^^ . Then F(iet(v) can be 
written as an iterated contour integral 



/ i tT{R{^,T],C,g))d^dT]dC 

l2il,«2.S) (2i,»2,3) (21.22.9) 

where 77, C, ff) is the product of resolvents 

R{^, V, C, 5) = - 5)-'(»7 - gr^iv - 5)-' (C - gr^iC - gT^ 

Using the resolvent formula we can rewrite the products appearing in the integrand 
as differences, for example 

(e - 9)-\ri g)-' = (r? - [{£, g)-' (v g)-'] ■ 

Using this fact and the cyclic property of the trace we can rewrite the integrand as 
{C — r])~^{( — £^)^^{r] — times the two- form 

tr ([(C - g)-' -iv- 9)-'] dg [iv - 5)"' - (C - ff)"'] dg) 

Expanding out the product inside the trace leaves us with four contour integrals to 
compute. Of these, the only non- vanishing contour integral gives 

]_y f f f tT{i^-g)-'dg{C-g)-'dg) 



1.21,22.9) (21,22,9) (21,22.9) 

which we can evaluate to 

(A.i) j j> {c-o-^iHi^-g)~'dg{(:-g)-'dg)d^dc. 

'-^(21,22,9) ^(zi,z2,g) 

The function {( — ^)^^ is a holomorphic function of ^, since ( G C'^^^ which 
lies outside C(2i,z2,g). Therefore we can simplify this expression further using the 

holomorphic functional calculus. Since {C, — ^^(C ^ = 1 we have (using the 
property f{T)f'{T) = {f f){T) of the functional calculus) 



2^/ {C-0-\^-g)-^di = {C-g)-^P. 
"^(21,22,9) 



Therefore, after renaming variables, we can rewrite (A.I) above as the single contour 
integral 

^ / tr ((C - g)-^Pz,z2dg{£, - g)-'dg) d^. 

^(»l.»2.9) 
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We want to show that we have the equahty of Proposition 4.1: 

(A.2) ^<f tT{{^-g)-^dg{^-g)-^P,,,Jg)d^ 

= ^<f tr (($ - g)-'dg{^ - g)-^dg) d£. 

Up to now everything that we have said works equally well for G finite dimensional 
or for G one of the infinite dimensional groups Up{H). Let us now suppose that the 
group G is the finite dimensional unitary group U{H), for H a finite dimensional 
complex Hilbert space. Thus G is isomorphic to U{n) where n is the dimension of 
H. This is the first instance where we will take advantage of the special properties 
of the map p: G/T x T ^ G. From the remark following Lemma 6.3 we have 
that the pullback map ^(yPl) ^ n{G/T x Yt) induced by G/T x F^^' ^ fI^I is 
injective. If we think of a point of G/T x Y^^ as a family (Pj, {zi,Z2,Xi)) then the 
map G/T X Y^^ yPl can be written as 

(Pi, (21,22, Ai)) {zi,Z2,^XiPi) 

Using this description of the map G/T x Yj?' — > F^l in terms of the projections Pj 
and eigenvalues Aj we see that we can write the pullback by p of the left hand side 
of (A.2) as 

^ / - ^')"'(^ - ^^•)"'*^ {PiP*{dg)P^P,,,,p*{dg)) d^ 

To simplify this expression we will make use of the following easily proven facts: 

Res5=A,(e - - A,)-2 = -(Ai - A,)-2 

Res5=A,(C - Xi)-\i - Aj)-2 = (Ai - A,)-2 
Pj ifje (21,02) 

ifj^ (21,22) 



P P = 



By splitting the sum over the eigenvalues Aj into the sum over the eigenvalues 

Xi e (21,22) and the eigenvalues Aj ^ (zi,Z2) and using the above facts, we derive 
the following expression for the pullback by p of the left hand side of (A.2): 

- E {Xi-\j)-^tx{Pip*{dg)Pjp*{dg)) 

On the other hand, it is easy to see that the pullback by p of the right hand side 
of (A.2) can be written as 

4^ f - ^^)"'(^ - Xj)-Hr{Pip*{dg)Pjp*{dg))d^ 

*' C(z-, . . at 4 
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Again, we can split the sum over eigenvalues Aj and into sums over eigenvalues 
belonging to the sets (2:1, Z2) or their complements to get 



^/ E {^-h)-\^-\J)-^iAP^P*{dg)P,p*{dgm 

\je{zi,z2) 



1 



\je(zi,z2) 

E i^-^ir\^->^jr^t<PiP*idg)Pjp*idg))d^ 

'(«^1.«2.3) \ieizi,Z2) 
\j^{zi,Z2) 



By the residue theorem these contour integrals become 

I E {^i-^j)-'tv{Pip*idg)Pjp*{dg)) 



2 

Ai^(zi,Z2) 

\je{zi,Z2) 



I E {\-^jr^t^{PiP*{d9)PjP*{dg)) 



2 

Ai6(«i,«2) 
Aj 0(21,22) 

= - E (Ai-A,)-2tr(P,p*(rfff)P,p*(rf5)) 

Ai0(zi,Z2) 
Aj£(zi,Z2) 

and so we see the two expressions are equal. It follows by the injectivity of the map 
p* : Sl2(y[2]) ^ n'^{G/T x Y^) that the two forms on yt^l arc equal. 

Now let us suppose that G is one of the infinite dimensional Banach Lie groups 
Up{H) for 1 < p < 2. We have a pair of two-forms defined on Y^^ and we want 
to prove that wc have the equality of (A. 2). Since neither of these two- forms have 
components in the C/(l) directions, it is sufiicient to prove that the two-forms are 
equal for fixed zi and Z2- Thus we can regard them as forms on the open subset 
UziZ2 of consisting of those g (z G for which neither zi nor Z2 is an eigenvalue. 
To prove that they are equal, we will use a slight modification of the argument used 
to prove Theorem 5.3 and conclude that if a; is a form defined on an open subset 
U oi G such that uj vanishes on restriction to U n U{Hn) for all n, then u) is zero. 
The equality of (A. 2) follows easily from this conclusion. 

Recall that Quillen proves Theorem 5.3 using the 'tame approximation' theorem 
of Palais [22], which states that for any A € £p, PnAPn ^ ^ in £p. A p-form uj on 
GLp{H) can be regarded as a smooth map u){Ai, . . . ,Ap){g) which is alternating 
and multilinear in the Ai G Cp. If co vanishes on restriction to GL{Hn) for every n 
then it follows from the tame approximation theorem that lo vanishes on GLp(H). 
More generally if is an open subset of GLp{H) and w is a p-form on U which 
vanishes on restriction to any GL{Hn) fl U for every n then u) = 0. To prove the 
theorem for the unitary groups Up{H) Quillen considers the phase retraction map 

GLp{H) ^ Up{H) 
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It is easy to see that this maps the subgroups GL{Hn) of GLp{H) to the corre- 
sponding subgroups U{Hn) of Up{H). The phase retraction has the property that 
it maps forms on Up{H) injectively to forms on GLp{H). The result for Up{H) now 
follows from the corresponding result for GLp{H). Again let us note that if a; is a 
p-form defined on an open subset U C Up{H) such that lu vanishes on restriction 
to any U{Hn) fl U, then w vanishes on U. To see this, note that if V is the inverse 
image of U under the phase retraction map, then the inverse image of U{Hn) n U 
is mapped to GL{Hn) H V. If uj' denotes the puUback of oj to V, then oj' vanishes 
on restriction to any GL{Hn) fl V. Therefore u)' , and hence w, is zero. 

Appendix B. Proof of Theorem 5.1 part (b). 
The map py ■ G/T x — > y from Lemma 6.3 fits into a commutative diagram 

G/T X Yt ^G/T X T 



Py 



P 



Y _ Y 

Y ^G 

where we recall that we write tt for the projection map Y ^ G. We want to show 
that df = 7r*(27rw) where u is the basic three-form (1.1). It is sufiicient to show 
this equahty on the dense open subset Y^cg C Y. (py)* is then injectivc on rt{Yrcg) 
since py. G/T x ir.reg ^reg is a covering map. Note that by commutativity 
of the diagram, (py)*7r*(27rw) is equal to the pullback oip*{2-Kiv) along the map 
G/TxYt ^G/TxT. We begin with the left hand side of the equation {py)*df = 
{py)*n* {2nw). We first calculate the pullback {py)* f of the restriction of / to i^reg- 
Note that a point in G/T x Ir.reg is of the form ((P, X),z) where (P, A) = {Pi, A,) 
is a family of projections Pi and eigenvalues A^ and where z is not equal to any of 
the Aj. Since (P, A) G G/T x T^eg, all of the Aj are distinct. Thus if i ^ j then 
PjPj = PjPi = 0. The pullback {py)* f is given by the contour integral 

i £ El°g^^(^ - ^')"'(^ - Afc)-^tr(Pi(dA,P^ + 

+ \jdPj)Pk{dXiPi + \idPi))d^ 

We simplify the term within the trace summed over j and I. Expanding it out and 
reindexing gives us 

^tv{dXjXi5ij6jkPjdPi - XjdXiSkiSiiPidPj + XjXiPidPjPkdPi) 

j,i 

= ^tx{dX,XAkP^dPl) - Y,H^3d>'^^^kP^dPJ) + ^tx{XjXiP,dPjPkdPi) 
I j 3,1 

= J2^v{XjXiPidPjPkdPi) 

3 

Inserting this expression back into the contour integral gives us 

(B.l) ^£ ^log,^^ - Xi)-\^- Xk)-^XjXiti{PidPjPkdPi)d^. 
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To evaluate this contour integral we use Cauchy's residue theorem. For each pair of 
indices i and k we need to calculate the residues of the function log^ 
Afe)~^ at the poles ^ = A; and ^ = A^. When i ^ k we have 

Res5=A,(e - Ai)-i(C - Afc)-2 log, C = log, Xi{Xi - Xk)'^ 

and 

Res5.A.(^ - X,)-\i - Xk)-' log, C = (Afe - AO-^A^^ - log, A,(Afe - A.)-'. 

We also need to consider the residue at the pole ^ = A^ = A^ in the case where 
i = k. In this case however, the two-form tr{PidPjPidPk) vanishes. This is clear 
when j ~ i as PidPiPi ~ 0. When j ^ i. we can use the identity dPiPj + PidPj = 
to write PidPjP^ = —dPiPjPi = 0. Therefore, only the residues at the poles ^ = Aj 
and ^ = Afc for i and k distinct give contributions. Therefore (B.l) becomes 

(B.2) ^ Yl (log^ - ^fc)"' - log^ ^k{Xi - Afe)-2 

+ {Xk - Ai)-U-i) XjXi iriPdPjPkdPi) 
To simplify this expression we consider, for fixed A, and Afe, the sum 
(B.3) J2XjXiti{P,dPjPkdPi) 

3,1 

To evaluate this sum we shall make use of the following identity: 
XjPidPjPk = XiPidPiPk + XkPidPkPk. 

j 

To see this note we write the sum as 

Y XjPidPjPk = XiPidPiPk + XkPidPkPk + Y ^sPidPjPk 

If the indices i, j and k are such that i ^ j and j ^ fc, then we can write 

PidPjPk = -dPiPjPk = 0, 

and hence the identity. Applying this identity we find that (B.3) becomes a sum of 
two terms: 

J2 A»A( tv{PidPiPkdPi) + J2 AfeAi tr{PidPkPkdPi) 
I I 
We can apply the identity again to each of the terms in this new sum, after first writ- 
ing tTiPidP-PkdPi) = tT{PidPiPkdPiP,) and tx{PidPkPkdPi) = tr{PidPkPkdPiPi). 
We obtain 

XiXktv{PidPiPkdPk) + Xfti{PidPiPkdPi) 

+ Xltv{PidPkPkdPk) + XiXktv{PidPkPkdPi). 

Writing dPk = dPkPk + PkdPk, dPi = dPiPi + PidPi and using the identities 
PjPfe = 6ikPi and dPkPi = ^ikdPk — PkdPi, we see that we can write this as 

(1 - Sik)XiXktv{PidPidPk) - (1 - 6ik)Xftv{PkdPidPi) 

+ (1 - Sik)Xltv{PidPkdPk) - (1 - 5ik)XiXktv{PidPkdPk). 
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We can further simplify this, using the above properties of the projections Pi and 
Pk, to 

(1 - Sik){Xi - Xkftv{PidPkdPk) = {Xi - Xkftv{PidPkdPk). 
Substituting this into (B.2) gives the following expression for the puUback {pv)* f'- 

(^■4) ^ H - log- + - HWkdPk). 

ii^k 

On taking the exterior derivative we end up with the following expression for 

(B.5) ^ (V'^^Ai - Xl^dXk - dXiXl" + XiXl^dXkXl^) tv{PidPkdPk) 

+ ^ (log- - l°g- ^fc + 1 - ^iK^) t^idPidPkdPk). 

We can simplify the second term in this expression further: since ty:{dPidPidPi) = 
we see that we can write Y^i^k ^^{dPidPkdPk) = J2i,k ^^{dPidPkdPk) and this last 
sum is zero since Yl dPi = 0. We can also reindex and write 

^ log^ Xi tr{dPidPkdPk) - ^ log, Afe iv{dPdPkdPk) 

= J2 log^ tridPidPkdPk) - J2 log. iv{dPkdPidPi) 

i^k i^k 

lii^ k then it is easy to see that ti{dPidPkdPk) = — tr{dPkdPidPi). Therefore we 
can write the above expression as 

-2 log. A, ti{dPkdPidPi). 

i^k 

Again, since tj:{dPidPidPi) = we can write this as 

-2 Y log. A» ti{dPkdPidPi) 

i,k 

which equals zero since ^ dPk = 0. Therefore we end up with the following expres- 
sion for {pY)*df: 

(B.6) ^ Y (K^dXi - X-^dXk - dXiX^^ + XiX^^dXkX-') ir{PidPkdPk) 

ijtk 

-^Yl ^i^k^ tv{dPidPkdPk). 

i^k 

We would now like to compare this expression with the pullback three-form p* (27rw) 
where we remind the reader again that u is the three- form (1.1). To compute this 
recall from equation (6.1) that we had 

p*{g-^dg) = XrHXiPi + Xr^XjPidPj. 
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After a little calculation one finds that the puUback three-form 2TTip*v is given by 

the following sum of two terms 

(B.7) 

-^tr{Xr'dXiX-^XjX^'XiPidPjPkdPi) - -^^^^ti{PidPjPkdPiP^dPn) 

47r liTT XiXkXm 

where in each term there is understood to be a sum over all appropriate indices. 
We concentrate on the first term in (B.7) to begin with (for clarity we omit the 
factor of —i/An). Making use of the fact that dPiPj + PidPj = SijdPi (so that 
PidPj = dPi{6ij — Pj)) we see that we can write it as 

J2 K^dXiXr^XjX]:^Xi tv{PidPjPkdPi) 

= J2 K^dXiXr^XjX]:^Xi tv{6ijdPi - dPiPj)PkdPi) 

= J2{[K^dXiX];^Xi - Xr^dXiXr^Xi] tr{dPiPkdPi)) 

= Y,{[K^dXiXl^Xi - Xr^dXiX-^Xi] tr {dPi{6kidPk - dPkPi)}) 

= J2{K'dX,tiidP,dPk) - Xr\lX,X^'Xi tiidP,dPkPi) 

-X-^dXiX-^Xk ir{dPdPk) + X-^d\X~^Xi ir{dP,dPkPi)) 

We can write the terms Xj'^dXiXl^Xiiv{dPidPkPi) and Xj^dXiX~^Xiiv{dPidPkPi) 
as 

dXiX^^ tv{dPidPkPi)+Xr^dXi tv{dPidPkPk)+ K^dXiX^^Xi tv{dPidPkPi) 
and 

X-^dXi ti{dPidPkPi) + X-^dXiX-^Xk tr{dPidPkPk) 

+ J2 K^dXiX-^XMdPidPkPi). 

i^l,k^l 

respectively. Note that Hi ^ I and k ^ I then ir{dPidPkPi) = —dikty:{PidPidPi). 
This is because 

tv{dPidPkPi) = tv{PidPidPkPi) = tv{dPiPiPkdPi) 

It follows that 

^ {X-^dXiX-^Xi - Xr^dXiX-^Xi) tv{dPidPkPi) = 0. 
Therefore we end up with the following expression: 

(B.8) J2 {K'dX^ ti{dP,dPk) - X'^dX^ tr{dP,dPkPk) - dX^X^^ tr{dPdPkPi) 
-X-^dXiX-^Xk tT{dPidPk) + XT^dXi tvidPidPkPi) 

+Xr^dXiX-^Xkti{dPidPkPk)) . 
Using dPk = PkdPk + dPkPk we can simplify the terms 

^ (X-^dXMdPidPk) - XT^dXMdPidPkPk)) 
appearing in (B.8) to 

-Y,K^dXitv{PkdPkdPi). 
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Similarly we can simplify the terms 

^ (A-irfA,AriAfc tx{dPdPkPk) - Xi'dXiXr^Xk ix{dP,dPk)) 
appearing in (B.8) to 

^ XrUXiX-^Xk tr{PkdPkdPi). 

Therefore (B.8) becomes 

(B.9) Yl {-K^dXi ir{PkdPkdPi) - dX.X^^ tr{dPidPkPi) 

+X-^dKX-^Xktv{PkdPkdPi) + Xr^dXMdPidPkPi)) 

Replacing dPk with dPkPk + PkdPk we can write 

dX^XlHiidP.dPkPi) = dX^Xl^ ir{dP,PkdPkPi) 

which is then easily seen to be equal to —dXiX^^ tY{PidPkdPk) . Similarly write 

X-^dX,X-^XktY{PkdPkdP,) = XT\lX,X-^XktT{PkdPkP^dP,) 

which is in turn equal to —X~'^dXiX~^Xk tr{PkdPidPi). Then after reindexing some 
of the sums in (B.9) and restoring the factor — i/47r we get 

(B.IO) ^ Yl {K^dX^ - dXkX^^ - X^^dX^ + X^^dXkX^^Xi) tr{PidPkdPk) 

where it is clear we lose nothing by restricting the sum to i ^ k. 
We now turn our attention to the second term appearing in (B.7): 



AjA;A„ 



tT{PidPjPkdPlPmdPn) 



AiA/jA„ 

Using the fact that dPiPj + PidPj = 6ijdPi we can write this expression as 

t^CE ^^^P^dPjPkdPlPmdPn) 

= *'^(E YTT^(^™" - Pn)Pi{Sjk - Pj)dPkdPidPm) 



^tr(V' , {PiSmnSjk - SmnSijPj - 5ni6jkPi + SijSinPj)dPkdPldPm) 



We can finally write this as 

(B.ll) tr(^ Wi^M^l^^ P^PjdPkdPt) 

This is a sum over four indices i, j, k and I. We make a series of observations to show 
that only certain combinations of these indices will make non-zero contributions to 
the sum. This will allow us to eventually greatly simplify the sum. 

(1) We must have i ^ j and i ^ I. This is clear since (A; — Ai)(Aj — Aj) is a 
factor. 

(2) The indices i, j, k and I cannot all be distinct. If they were, then using the 
fact that PiPj = and hence dPiPj = —PidPj we see that the expression 
iv{PidPjdPkdPiPi) = 0. Therefore some of i, j, k and I must be equal. 
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(3) No three of the indices i, j, k and I can be equal. There are three possi- 
bihties to consider here: i = j = k, i = j = l and j = k — I. From the 
first observation above we can exclude the possibility that i = j = k or 
i = j = 1. lfj = k = l then tT{PidPjdPjdPj) = -tr{dPidPjdPjPjPi) = 
after using the identities PidPj = —dPiPj and PjdPj + dPjPj = dPj. 

(4) We conclude that two and only two of the indices i, j, k and I can be equal. 
There are now six possibilities to consider (a) i — j, (b) i = k, (c) i = I, (d) 
k = I, (e) j = I, (f) j = k. Of these six possibilities we can eliminate (a) 
and (b) immediately from the first observation. The case where i = k also 
gives no contribution since tr{PdPjdPidPi) = — tr{dPiPjPidPidPi) = 0. 
The case where j = I also gives no contribution for a similar sort of reason: 
tT{P,dPjdPkdPj) = -tT{dP,dPjPkPjdP,) = 0. 

We conclude from this series of observations that we can restrict the sum to the 
two cases k = 1 ov j = k with all indices otherwise distinct. By reindexing the sum 
we see that we can write (B.ll) as 



Since tv{PidPjdPkdPk) = — tv{PjdPkdPkdPi) for i ^ j we can reindex the second 
sum to get 



The three-forms iv{PidPjdPjdPk) for Aj, Aj and A^ all distinct possess a cyclic 
symmetry 



Clearly we can include the terms in this sum with i = k with no effect, so that we 
can rewrite this as 





Adding these two sums gives 




tv{PidPjdPjdPk) = tv{PkdPidPidPj) = tv{PjdPkdPkdPi). 
Using this cyclic symmetry and re-indexing we get 





Further, since tv{PidPjdPjdPj) = for z ^ j we can write the sum as 
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This in turn can be written as 

- ^) ^PkdPidPidPj) HPkdP^dP^dPk) 

Again, using the fact that ^ dPj = we end up with 

A; Afe 



-3E 



Reindexing we can write this as 



triPkdP.dP.dPk). 



-^y.(^-¥) HPkdPidPidP,) + 3 V ^ tY{PidPkdPkdPi) 
i^fcVAfc \ij .^^\k 

= -^Y.Y MPkdPidPidPk) - tviPidPkdPkdPi)) 

\i i ^ k then it is easy to show that ty:{PkdPidPidPk) — tv{PidP}^dPkdPi) = 
tv{dPidPkdPi) and so we finally end up with, restoring the factor —i/Vl-K, 

-^Y. ^i^k^ tr (dPidPkdPk), 

ijtk 

since tr{dPidPkdPk) = — tr{dPkdPidPi) ii i ^ k. Therefore, combining this expres- 
sion with (B.IO) we end up with the following expression for p*{2Trii/): 

^ E {Xi^dXi - dXkXk^ - X^^dXi + X^^dXkX^^Xi) tv{PidPkdPk) 

- ^Y^XiX]:Hv{dPidPkdPk). 

i^k 

If we further pull this back to n^{G/T x ir.reg) then we find that it is equal to the 
expression (B.6) we obtained for {pvYdf. This completes the proof of Theorem 5.1. 
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